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1. Introduction. 
If K is a compact subset of the boundary oD of a domain D 
in ~n, we call K a peak set for A co (D) if there exists a 
....-;X· 'PI:' ~ -function f on u holomorphic on D such that f\K == 1 and 
If i < 1 in D "-.K. We will be interested in the case when D is 
strictly pseudoconvex with r;x' -boundary. 
Chaumat and Chollet proved in [2] that K is a local peak set 
00 for A (D) if and only if K is locally contained in integral 
manifolds for the complex structure of the boundary of D. They 
also proved f1l that K is a peak set for A~(D) if K is 
globally contained in an integral manifold. 
The purpose of tlris paper is to discuss the following two 
questirms ( [ 11): 
Q ('co) uestion 1: If K is locally cont2ined in 10 integral 
manifolds, does there always exist an integral manifold containing 
all of K? 
X 9tuestio_~ £: Are local peak sets for A (D) always (global) peak 
X 
sets for A (D)? 
Chaumat and Chollet, [3], have shown that the answer ts question 
1 is no for arbitrary strongly pseudoconvex domains in n:: 4. 
-
In section 3 we shnw that the answer is yes if n = 3 (if n = 2 
the answer is trivially yes). 
By introducing a suitable concept of dimension of K and using 
; .. · .. 
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techniques from [3J we prove (in section 4) that the answer to 
question 2 is yes." 
2o Preliminary remarkso 
If D is a strongly pseudoconvex domain with C-:::o boundary 
in &n the narboux theorem gives the existence of local real 
coordinates (x1 ,ooo'Xn_1 , y1 ,ooo'Yn_1 ,t) o~ oD 
n-1 
Tr;11 oD = {s E ToD: w(s) = 0} where w = dt + .L:...,x.dy. 
\lf ~= I ~ ~ 
is the complex tangentspace of oDo 
DEFINITION 2o1: 
such that 
A h co submanifold of oD is an integral manifold if 
TN c T.<'l oD whenever -- p E N_. p "' p 
It is well known that integral manifolds are totally real and 
therefore have dimension at most n-10 
An integral manifold is locally a graph over 
{x~,ooo'Xik' yj 4 , .... ,yj1 } where. (i1 , ..... ,ik} n {j1 , ••• ,j1 } = ¢. 
LEMMA 2.3 ([1], [6]): 
If K is a compact subset of an integral manifold N, there 
exists a neighborhood w of K in (i}n and a function u E C00 (w) 
with the following properties: 
(1) D0·(!u!N:::: 0 for each multi index a, 
(2) {pEw: u(p) = 0} n D = K 
(3) Reu(p),2: a2 (p,N) when pEwnD and 
( 4) u 2: o on N n w o 
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In order to construct such u for a K which is locally con-
tained in integral manifolds it is necessary to introduce a con-
cept of dimensiono 
DEFINITION 2o4o 
Let K be a subset of and p E Ko Then dim K = min[dimM: M p 
is a C00-manifold and there exists a neighborhood 
in ~n such that wp n K c M) 0 
w of p p 
If K coD is locally contained in integral manifolds we define 
dim int K = min[dimN : N is an integral manifold containing a p 
neighborhood of p in K}. 
If K is locally contained in integral manifolds, then 
dim int K = dim K 0 p p 
Proof: 
Obviously dim K < dimint K p - p so we only have to show the 
reverse inequalityo We choose an M of minimal dimension such 
that K n wp c Mo Suppose wp is chosen so small that K n wp is 
contained in an integral manifold No Since M is minimal, 
TMP cTNp" Therefore the orthogonal projection M' of M into 
is a submanifold of N and dim M' < dimM" A submanifold of an 
integral manifold is ' an integral manifold and K n wp Cf1 0 
3" Integral manifolds" 
N 
In this section we at first find a "stratification" by integral 
manifolds whose union contains Ko Secondly we apply this to show 
that the answer to question 1 (section 1) is yes when n = 3" 
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THEOREM 3o1: 
If K is a compact subset of oD and is locally contained in 
integral manifolds, there exist integral manifolds N1 ,ooo,Nm 
with the following properties: 
1) 
2) 
3) 
L.j-) 
dim N. < dim N . when i < j 
l. J 
m 
.U..,N.:::>K 
1.= I ]_ 
KnN. ]_ 
N.nN. 
l. J 
is open in K 
is open in N. 
l. 
when i < jo 
Proof: 
Assume that r = maxpEKdimpKo Observe that the set 
r-dimensional points of K is compacto Let u1 ,ooo'Uk 
gral manifolds such that: 
k 
a) A neighborhood of S in K is contained in j~'1Uj. 
b) Each u. 
J 
is a graph as in lemma 2o2o 
S of 
be inte-
c) Either u. n u. = 0 
l. J or u. n u. l. J contains r-dimensional points 
and a neighborhood of them in Ko 
If U'1 n U2 = 0, we let If not, let p be an 
r-dimensional point of K in u1 n u2 • Then TU2 Ip= Tu11 P which implies 
that u1 is a graph over the same coordinates as u2 in a neigh-
borhood (in u1 ) of the r-dimensional points of K in U1 n u2 o 
Let F1 ,F2 parametrize u1 ,u2 around these pointso We may 
assume that F1 ,F2 have the same domain of definition Yo 
Choose a C00 function X : V ... [0, 1 J such that X (pk) = 1 
for all sufficiently large k if F1 (pk) converges to a point 
in U'1 "\. F1 (V) and x(qk) = 0 for sufficiently large k when 
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F2(qk) converges to a point in u2 '\ F2 (V) o Then F = xF1 + (1-x)F2 
parametrizes a manifold whose tangent space at the r-dimensional 
points of K lies in the complex tangent space of oD. 
-There exist neighborhoods u. in u. ~ of the r-dimensional ~ 
points in Ui' Fi (V) i = 1,2 such that u1 :2 : = u1 U u2 U F(V) is 
a C00 manifold co~taining a neighborhood relative to K of the 
r-dimensionaJ.. points of K in U1 U u2 • 
If WIU I vanishes on K n u1' 2' Theorem 7 of [2] gives the 
1,2 ' 
existence of an r-dimensional integral manifold u1 2 containing . , 
t 
u1 2 n K. 
' We know that wlu. = 0 i = 1,2 so it suffices to show that 
~ 
wiF(V) vanishes on KnF(V). But w(F) =Xw(F1 ) + (1-x)w(F2 ) on K 
and therefore equals zero. Doing the same with u1 , 2 anq u3 
we get u1 2 3• Continuing inductively we obtain an integral 
' , 
manifold containing a neighborhood in K of 
the r-dimensional points. 
Let I N' N c eN be another integral manifold containing all 
r r r 
r-dimensional points of K. Then the set of (r-1)-dimensional 
points in K \ N~ is compact. (If this set is empty, consider 
in$tead the (r-2)-dimensional points etc.) 
By the same process as above we get an (r-1)-dimensional 
integral manifold ff 
r-1 
dimensional points of 
containing a neighborhood of the 
in If there are no 
,.... 
(r-1)-
(r-1)-
dimensional points in N ' N' we shrink Nr r r and Nr_1 , so that 
their closures are disjoint. Otherwise let 
N 1 eN' eN" eN" eN"' eN"' eN · · f d d r r r r r r be ~ntegral man~ ol s, an M the 
orthogonal projection . TI to Nr of a neighborhood in Nr_1 of 
the (r-1)-dimensional points of I K'-N r in 
I 
N 'N r r• 
- 6 -
We can cover M n (N" 1\.N") 
r r 
by a finite number of coordinate 
neighborhoods given as graphs (as in lemma 2.2). Patching these 
inductively as above to (Mn N~) U (Nr_1 \. n-1 cN;' )) we obtain an 
integral manifold ~r-'1· Replacing Nr by a small neighborhood 
of N' 
r 
F::; ' 
and letting N 1 = N 1 \. N r- r- r we obtain integral manifolds 
such that: 
i) Nr contains all r-dimensional points of K 
ii) contains all the (r-1)-dimensional points in 
iii) 
iv) 
N ..,nN 
r- 1 r 
is open in N 
r-1 
Kn N. is open in K, i = r,r-1. 
l 
Continuing inductively we choose N' 
r and 
Then there exists an integral manifold N 
r-2 
(r-2)-dimensjonal points in K \. (N~ U Nr~'1) o 
as earlier. 
containing all 
By the same process as above \liTe may assume that N 2 n N .., r- r- 1 
is open in 
assume that 
N 
r-2 and by repeating it for 
N 2 nN r- r 
and we may 
Finally we obtain N1 , ••• ,Nm as required in the theorem. 
THE CASE D c &3 0 
In the rest of this section let D be a strongly pseudoconvex 
domain with 0.00 boundary in a3 0 
THEOREM 3.2: 
If K is a compact set in oD which is locally contained in 
integral manifolds, there exists an integral manifold N con-
taining all of K. 
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Proof: 
Let N1 and N2 be as in theorem 3o1o We may assume that 
dimNi = i since the 0-dimensional points are isolated in K. 
There are two cases 
( 1) When N1 n N2 contains no one-dimensional points, we can 
shrink N1 and N2 such that N1 n N2 = ¢ and then we can 
let N be N1 U N2 
(2) If N1 n N2 contains one-dimensional points we shrink N1 
and N2 such that there exist two-dimensional integral 
manifolds N3 , D D D ,Nk "Ti th the properties: 
a) 
k 
N1 c U N. , 
. 3 l. 1.= 
b) each Ni is a graph over a couple of coordinates when i ~ 3, 
c) N.nN.nN = ¢, 
l. J s 2<i<J'<s - , 
d) Kn Nj is open in K and 
e) if Ni n Nj ~ ¢, then there exists a one to one curve 
y. . [a, b] - N, such that y. . (a, b) = N1 n N. n N . when l.J l.J l. J 
i > 2 and J. > 3 and y (a) E N. '\ N . and y (b ) E N . \ N. 
- - l. J J l. 
if i ~ jo 
Fix 2 ~ i < j so that Ni n N j ~ ¢a If there exists a point 
on y .. nN. nN. l.J l. J such that both can be parametrized by the same 
coordinates in a neighborhood of p, we can patch Ni and N. 
J 
as in theorem 2o1 preserving a), c), d) and e)o If not, we can 
parametrize over pairs of coordinates which have one in common 
since there is a curve in the intersectiono Without loss of 
generality we may assume that N. (N .) 
l. J is parametrized over 
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Choose an interval (c,d) cc (a, b). Say Nj 
(x1 ,X2,Y1 ,y2 ,T) in the strip over yij((c,d)). 
a point on y . . ( ( c , d) ) we can reparametri ze over l.J 
is given by 0.12 
If oy2 .J o at 
(x1 ,x2 ) in a 
neighborhood and then patch N. ,N. there as before. Otherwise 
J. J 
we twist Nj around yij in the following way: Let p E yij(c,d) 
o'rl2 
and choose Tl2 = Tl2 (x_,,y2 ) such that oy2 J 0 in a neighborhood 
of p, Tl21 N1 = 0 and 'rl2= 0 outside a small neighborhood U 
of p. 
We are interested in finding T), and e such that 
which is possible if dx1 A d'!l_, + dr)2 A dy 2 = 0. Furthermore we 
want e and Tl, to equal zero on N1 and outside U. 
o'rl1 o'rl2 
Solving the equation oy2 = ox1 
Tl1 1N1 = 0 we obtain a function Tl_, 
with initial condition 
vanishing outside a small 
neighborhood of Next we solve the equations o 9 °Tl1 or)_, = -x1 C5x1 
d'r)1 
= - ( x_, c;y 2 + Tl2 ) • Since d8\N \\d'!l1 1N = 1 1 0 we can and ~~ oy 
choose 9 such that 9\ N 
1 
These equations also imply 
that 9 = 0 outside a small neighborhood of p. 
4. Global J2eal-c functions. 
We shall show that the answer to question 2 is yes for a 
general n > 2. 
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LEMMA 4.1: 
pco 
Let D be a strongly pseudoconvex domain in ~n with ~ 
boundary. If K coD is compact and contained in N1 U N2 where 
are integral manifolds and dim N1 < dimN2 , N1 () N2 · is open 
and K() N. is open in K, then K is a peak set for Ax'(D). 
l 
Proof: 
Choose such that and 
Choose 0co cut-off functions x0 and x with the properties: 
4 1 supp x0 c N2 \ N2 
supp x eN~. 
and X = 1 0 on N
3, N2 ::: 1 
2 ' 2, X IN~ 
We can find a function g E ~-:c(N2 ,JR) which equals 
near N1 () N2 • 
and 
From (5] we have the existence of functions and g where 
b) DaaxoiN2 = Daax,N2 = DaagiN2 = 0 for each multiindex a. 
c) x0 (x) is locally constant in ~n near where Xo/N2 Cx!N2 ) is 
locally constant. 
d) First derivatives of and g vanish on N2 in direc-
tions perpendicular to TN2 + iTN2 • 
Lemma 2.3 implies that there exists 
when K = K. 
l 
and N = N., i = 1,2. l 
Let u = x(u2+E;xog)+(1-x)u1. Then 
a neighborhood of N2 UN1 in (!)n and: 
u. 
l 
satisfying ( 1) _. ( 4) 
u E f/o:J (w) where w is 
i) 
ii) 
iii) 
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when x = 1, X0 = 0 and 
DadUIN UN = 0 for each multiindex ao 
1 2 
"' when X = Oo 
,..., E: 2 2 """ ,...., Re u(p) 2:'2'd (p ,N2 U N1 ) + O(Im X • Imu)+O(Im( 1-X) o Im u1 ) 
if e: is sufficiently small 0 
Define T(p) = Jn(p) where n(p) is the outer normal to aD 
at po Intergrate T(p) from N2 
....., i 
and let N be the union 
over N2 of the integral curveso If U is a small neighborhood 
.-J ...... , ...... 
of N2 , N n U = N is totally real o When p E N there exists a 
unique p 0 E N2 and integral curve y for ,. such that 
y: [o,z] ... N, z = z(p)' and y(O) = Po' y(z) = Po The function 
...... ~co z : N -->:IR is and vanishes to first order on N2o 
Again ...p'X:! 
,..., 
zlff we can find a p -function z where = z,: first 
derivatives of 
,... 
z in directions in T~oD vanish on N2 and 
nae5z\~· = o for each multiindex ao Let ~ = AX0(~)2 where A. >>1 
is chosen sufficiently large a Then u = U+~ has the properties: 
a) (p : u(p) = 0} = K 
b) DaaulN UN = 0 for each a o 
2 1 
c) There exists a C>O such that 2 2 Reu(p)~Cd (p,N2 UN1 )o 
By the classical techniques described in [1j, [2] and (4] we 
can now find a function in A00 (D) which peaks at Ko 
THEOREM L~ 0 2 : 
If a compact set K caD is locally contained in integral mani-
folds, then K is a peak set for A00 (D)o 
Proof: This goes as in Lemma 4a1 inductively, so we will be very 
briefo Let II 1 N. ccN. ccN. ~ ~ ~ 
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such that the families ") m [N . . 1 l. l.= 
in the theorem. If K. = KnN~ 
l. l. 
we choose u. 
l. 
for the pair 
Ki,Ni. Modifying the ui's 
2 assume that Re u. > d (p ,N. ) J'Y l. 
inductively as in Lemma 4.1 we may 
in a neighborhood of N. n N. 
l. J when-
ever i < j. We can patch the u. 's 
l. 
as in lemma 4.1 and finally 
we get a function u E :bee (w) (w is a neighborhood of K in 0n) 
such that: 
(1) Reu(p)>O when pED\K 
(2) u\K = 0 
(3) I dul .::_ Ck (Re u)k for each k. 
1. 
2. 
4. 
5. 
6. 
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